We discuss a connection between M -theory and the Gross-Neveu model with fermionic fields obeying periodic boundary conditions in 2 + 1 dimensions. In the large-N limit, the latter may be obtained from the former in the limit of vanishing volume of the Liouville dimension. We show how the world-sheet cosmological constant may be obtained from the Gross-Neveu model. At its critical point, which is given in terms of the golden mean, the values of the vacuum energy and of the cosmological constant are 4/5 and 2/5 of the corresponding values at infinite string coupling constant. *
Introduction
Non-relativistic fermi liquid models have been extensively used in the study of non-critical string theories in two dimensions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In an interesting recent work [15] it has been suggested that fermi liquid models might also be used in the formulation of non critical M theory in three dimensions. The authors of [15] propose to identify the vacuum energy of two-dimensional non-relativistic fermions in an inverted harmonic oscillator potential with the energy of non-critical M -theory in 2 + 1 dimensions.
In this note, we show that the exact vacuum energy of the fermi liquid system calculated in [15] coincides with the large-N free energy density of a three-dimensional Gross-Neveu model (up to an overall dimensionful constant) in the limit of vanishing volume of the Liouville dimension. In order to make the identification, the fermionic fields of the model must be given periodic boundary conditions along the compactified dimension. This can be achieved by either coupling the model to a suitable external U (1) gauge potential, or equivalently by viewing the three-dimensional cylindrical space as being embedded into a four dimensional space possessing a constant magnetic flux.
M theory
We start with a discussion of the salient features of the non-critical 2 + 1-dimensional M -theory proposed in [15] aiming at casting the main results in a form appropriate for comparison with the three-dimensional Gross-Neveu model.
In the double scaling limit, M -theory in 2 + 1 dimensions can be described by a nonrelativistic fermionic field ψ(x 0 ,x 1 ,x 2 ) with action [15] 
where the potential is
The semiclassical density of states is obtained from the single particle Hamiltonian
The system is equivalent to a two-dimensional inverted harmonic oscillator in the scaling limit of interest. The density of states can be defined in terms of the resolvent
It may also be obtained by summing the type-0A contributions of all sectors with integer values of the RR flux [15] . The partition function Z ≡ Tre −iτ H appearing in (4) can be derived from the partition function Z 2 of a normal two-dimensional harmonic oscillator by continuing to imaginary frequency [11] . Namely we consider
and we obtain
To apply this result to the inverted two-dimensional harmonic oscillator, we rotate ω → −iω 0 and τ → iτ and we deduce
Then the density of states (4) reads
The integrand has a singularity as τ → 0 which can be regulated in a Pauli-Villars manner, by defining
where M is a UV cutoff, related to the volume of the Liouville field in string theory. To calculate the integral, we bring it into the form
Making use of [16] ∞ 0 dx sin 2 βx
we obtain
As M → ∞, this is well approximated by
The vacuum energy is then given by
Integrating, we obtain
where we introduced the length scale
in order to facilitate comparison with the Gross-Neveu model. The latter will be identified with the length of the finite dimension of the three-dimensional Euclidean space on which the Gross-Neveu model is defined. To make contact with string theory one may introduce the conjugate variable ∆ (worldsheet cosmological constant) defined as
Then the vacuum energy should be viewed as a function of ∆ (F = F [µ(∆)]). One easily obtains
In the large-µ limit, which may be thought of as corresponding to weak coupling, 1 we have
so that F ∼ ∆ 3/2 , to be compared with the string theory result F ∼ ∆ 2 / ln ∆. Not only is the logarithm absent, we also have a string susceptibility exponent [3] [4] [5] [6] [7] γ str > 0, where F ∼ ∆ 2−γstr , indicating that we have crossed the string barrier of central charge c ≤ 1. In the µ → 0 limit, which analogously may be thought of as corresponding to strong coupling, we obtain
a behavior reminiscent of an asymptotically free theory [11] . For comparison, in string theory the vacuum energy approaches a finite constant whereas ∆ → 0. Notice also that the UV regulator M contributes in neither limit (µ → 0, µ → ∞).
The Gross-Neveu model
The partition function of N free massless relativistic bosons in three dimensions is
where V 2 is the (infinite) spatial volume and the free energy density f 0 (β) is given by
The same result can be obtained from the path integral
involving N massless free scalar fields φ a (x 0 ,x 1 ,x 2 ) (a = 1, 2, . . . , N ), where one of the three dimensions has finite length β, and the fields are subject to periodic boundary conditions along the finite dimension. Notice that to get (22) from the path integral (23) one needs to subtract the zero temperature (β = ∞) result. This is equivalent to a UV renormalization. Consider now the Gross-Neveu model in three Euclidean dimensions, one of which has finite length β, in the presence of an external U (1) gauge potential A µ = (θ, 0, 0). The action is [17] [18] [19] [20] 
1 Recall that in string theory µ ∼ g
whereψ a , ψ a (a = 1, 2, . . . , N ) are here taken to be two-component Dirac fermions satisfying anti-periodic boundary conditions along the finite dimension. The γ-matrices are defined in terms of the Pauli matrices as γ i = σ i (i = 1, 2) and γ 0 = σ 3 . We may view the 2 + 1-dimensional cylindrical space where the system lives as being embedded into a four-dimensional Euclidean space possessing a constant magnetic flux
along the fourth dimension. The magnetic field producing this flux induces the vector potential A 0 along the finite dimension of the cylinder. For general values of the magnetic flux, the effect of the gauge potential is to twist the antiperiodic boundary conditions of the fermions to generically anyonic ones [20, 21] . Here, we consider the special case where
and the antiperiodic boundary conditions become periodic. The path integral of the model gives the subtracted partition function as
where V 2 denotes the (infinite) spatial volume and G = gN is the rescaled coupling which is held fixed as N → ∞ and g → 0. In the second line of (27) we have introduced the auxiliary scalar field (periodic boundary conditions) σ and in the third line we have integrated out the fermions. We can evaluate the last path integral in (27) by a saddle point expansion setting 2 σ = µ + λ/ √ N . Standard manipulations then give the leading-N result
where, due to the periodic boundary conditions we have
From (28) we read the large-N free energy density defined in (27),
and the gap equation (
To arrive at the second line of (31) we used a large momentum cutoff Λ and denoted
The expression (30), up to an overall negative sign, coincides with the large-N free energy density of the three dimensional O(N ) vector model [19] and the same applies also to the gap equation (31) up to the overall µ factor. In the O(N ) vector model, −f (β) in (30) is interpreted as a physical free energy density. In the case at hand, (30) can be a positive quantity and may be interpreted as an energy density.
To proceed, let us define a critical parameter M, with dimensions of mass as
This will be kept finite (zero, negative or positive) in the scaling limit Λ → ∞ and G → G * . M essentially quantifies the distance of 1/G from a critical value 1/G * and determines the parameter µ by 2 sinh
The parameter µ is the mass of the effective λλ propagator, or alternatively it may be viewed as an inverse correlation length ξ ∼ 1/µ. In the O(N ) model, µ at zero temperature is an order parameter for O(N ) → O(N − 1) symmetry breaking [18] . Furthermore, from (34) one sees that the physics at zero temperature depends essentially on the sign of M, i.e., on whether G is greater or less than G * . When M > 0, µ tends to a finite value as β → ∞, whereas for M < 0, µ → 0 in the same limit. In the O(N ) model this means that the zero-temperature system is in the O(N )-symmetric phase for G > G * and in the O(N )-broken phase when G < G * . At finite temperature, the O(N )-broken phase shrinks to zero. This is in accordance with the Mermin-Wagner theorem prohibiting the breaking of a continuous symmetry in two spatial dimensions. If we substitute 1/G from the gap equation (31) into (30) and take the Λ → ∞ limit, we find after some standard calculations
Crucial in obtaining (35) was the fact that the linear divergence in 1/G * canceled the linear divergence of the integral containing the logarithms in (30). Apart from an overall constant (dimensionful) factor, this expression coincides with the expression of the vacuum energy in M -theory (15) in the limit of vanishing volume parameter (M → 0), provided we identify the length scale β with the corresponding one in M -theory (eq. (16)) and the inverse correlation length µ with the opposite of the fermi energy in the fermi liquid model of M -theory. The identification of length scales amounts to identifying the harmonic oscillator frequency ω 0 in M -theory with the fundamental frequency ω 1 of the Gross-Neveu model (29) as
The energy density (35) should be viewed as a function of the critical parameter M (34). The latter is conjugate to the parameter µ 2 ; at fixed temperature we have
to be contrasted with the Legendre equation (17) defining the world-sheet cosmological constant ∆ in M -theory. We may similarly obtain a two-dimensional "cosmological constant" in the Gross-Neveu model starting from the expression (35) for the energy density. Instead of introducing a Legendre transform for µ 2 , let us define D to be the parameter conjugate to µ (of dimension (mass) 2 ), i.e., df = µdD .
A short calculation yields
which agrees with the M -theory parameter ∆ (18) up to a multiplicative dimensionful constant.
In the limit µ → 0, we obtain
Notice that f (β) reduces to the energy density of a free fermion. It agrees with (22) for a free boson, apart from a extra factor of 2 due to the doubling of degrees of freedom and a minus sign due to fermions.
Discussion
We have shown that the fermi liquid model of M -theory introduced in [15] yields an expression for the vacuum energy off-criticality which agrees (up to a dimensionful multiplicative constant) with the expression for the energy density one obtains in the Gross-Neveu model, in the limit of vanishing Liouville field volume. To achieve agreement, we had to make two identifications:
(i) the harmonic oscillator frequency ω 0 was identified with the fundamental frequency ω 1 of the Gross-Neveu model (eq. (36)), and
(ii) the opposite of the fermi energy in M -theory was identified with the inverse length scale µ (mass pole of the two-point function of the auxiliary field σ) of the Gross-Neveu model.
We could then obtain string dynamics in the Gross-Neveu model as in M -theory by introducing a Legendre transform with respect to µ. However, one normally thinks of the critical parameter M in the Gross-Neveu model in terms of a Legendre transform with respect to µ 2 , which yields the gap eq. (31). For M > 0 and fixed finite β, we cannot go to the µ → 0 limit. Instead, we obtain a non-trivial critical point in the scaling limit Λ → ∞ and M → 0, which corresponds to a non-trivial three-dimensional CFT [19] . Solving the gap equation (31) for M = 0, we obtain the critical value
given in terms of the golden mean. The energy density at the critical point is
i.e., 4/5 of its value at µ = 0 (free fermion). This is the result of non-trivial polylogarithm identities (see Appendix A). The same rational relationship holds for the vacumm energy in M -theory. For M = 0, we deduce from (15),
Moreover, the world-sheet cosmological constant at the critical point µ = µ * is related to its value at µ = 0 (strong coupling limit) by
which is obtained from (18) for M = 0 and using dilogarithm identities (see Appendix A). It would be interesting to understand what two-dimensional critical model this critical point might correspond to. If permitted to speculate, we note that there is a series of non-unitary minimal models (2, k) (k ≥ 3, odd) with central charge
The asymptotic behavior of characters is determined by the effective central charge
and can be derived in terms of dilogarithm identities [22] . The first model in the series (k = 2) has c ef f = 2/5 (Lee-Yang edge singularity) and the characters corresponding to its two primary fields can be calculated using dilogarithms evaluated at the golden mean. It seems that the critical point µ = µ * corresponds to the minimal model (2, 3) . Other models in the series lead to different critical points and seem to require more than one Gross-Neveu field.
A Polylogarithm identities
Here we present certain polylogarithm identities which we used in order to derive eqs. (43) and (44). For more details see [23] .
The nth-order polylogarithm is defined by
We have Li n (1) = ζ(n).
The dilogarithm obeys the following identities:
The golden mean (41) plays a special role in these identities. Setting x = 1/τ in the first two identities, we obtain Using the second identity, we obtain 
